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ABSTRACT 
A mathematical expression for the driving point impedance of a 
junction diode at high injection levels is developed. To evaluate the 
impedance versus frequency characteristic of a diode, it is necessary 
to know the minority carrier lifetime as a function of injection level 
and doping density in the base (lightly doped) region, the junction 
area, and the base width. The interesting characteristic of the diode 
impedance at high injection levels is the inductive reactance display-
ed by the diode. 
ii 
The expression is developed by solving the differential equation 
for charge flow in the base region of a diode assuming space-charge 
neutrality and equality of electron and hole densities. Solution of 
the differential equation results in an expression for the carrier den-
sities in the base region. Possessing the carrier density, the voltage 
across the diode and the current through the diode can be found. 
Three genaral computer programs are given in the appendices to i~­
plement the evaluation of the impedance expression. 
Values obtained from the impedance expression for a germanium and 
silicon diode are. compared to experimer..tal results. The calculated and 
experimental data for the germanium diode \·7ere in agreerr.cnt, but the 
comparison for the silicon diode was poor. The inaccurate results ob-
tained for the silicon diode were attributed to an inability to deter-
mine the necessary· diode parahteters with the equipment available. 
Experiments 1:vere perfonned to demonstrate this inability. 
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1 2 Einsele ' , in 1952, was the first person to notice that a diode 
operating at high injection levels could exhibit a small-signal driving 
point impe.dance with an inductive reactance. To date, many researchers 
have investigated the inductive properties of diodes in order to estab-
lish both functional and physical models representing the driving poi.nt 
i d f di d h . h i . . 1 1 2-ll mpe ance o o es at 1g nJeCt1on eve s • The results of some 
of these works will be discussed in the next chapter. 
The stimulus for interest in inductive properties of diodes has 
Qeen the necessity for inductive elements suitable for use ~ith inte-
grated circuits. Presently it is necessary to use discrete inductors 
in microelectronic circuits which create fabrication steps that could be 
eliminated if a suitable solid state inductive element existed. It 
would be possible to fabricate the "inductive diode" on the same sub-
strate with other active and passive elements in the integrated cir-
cuit, using the same processes, thus eliminating external connections 
to the inductive element and reducing the volume of the module. 
It is the purpose of the research presented here to develop a 
mathematical expression for the small-signal driving point impedance of 
a junction diode at high injection levels. An expression of this na-
ture would be of ~ssistance in designing solid state inductive networks. 
II. LITERATURE REVIEW 
In 1952, shortly after Einsele 1 s 1 ' 2 observation of the inductive 
property of diodes at high injection levels, Kohn and Nonnenmacher 2 ·' 3 
2 
developed a functional lumped R,L,C model, illustrated in Figure 1, to 
describe the observed inductive phenomenon. 
4 Following the introduction of this model, Firle and Hays and 
Schneider and Strutt2 measured the driving point impedance of diodes at 
2 3 high injection levels confirming Kohn and Nonnenmacher's ' model. Ex-
periments were also performed to demonstrate that the lumped R,L,C 
model would exhibit the transient behavior of experimental devices sub-
5 jected to a step function of voltage and current • To demonstrate the 
validity of Kohn and Nonnenmacher 1 s 2 ' 3 model, Vannoy5 determined the 
transient response of the lumped R,L,C model and used the experimental 
results from measurements of the transient response to determine values 
for the lumped elements. The impedance of the R,L,C model was then 
calculated using the values determined from the measurement of the 
transi~nt response. Values of the impedance obtained experimentally 
were in satisfactory agreement with those calculated. 
7 In 1960, Ladany presented a physical model representing the small-
signal impedance of the junction and bulk region of the "inductive 
diode". This model is restricted to describing a diode 'l;vith a narro-v;r 
base region (base length appreciably smaller than the diffusion length) 
or when the diode is being operated at a high frequency (a frequency 
much larger than the reciprocal of the minority carrier lifetime). It 
is also.assumed in the derivation of this model that the base region is 
very lightly doped. 
3 
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Figure 1. Lumped R,L,C Model 
7 Lada.ny does not offer any comparison between his model and experi-
mental results, but he does conclude that the maximum obtainable quality 
factor for such a diode is unity. 
10 Melchior and Strutt , in 1965, presented another physical model 
for the small-signal impedance of junction diodes at high injection 
7 levels with restrictions on their model similar .to Ladany' s restric-
tions. Melchior and Strutt•s10 model was derived by making use of 
Linvill's lumped model of a diode. This model was compared to experi-
mental measurements, but the ac·curacy at higher frequencies 't·1as 
relatively poor. 
7 For single junction devices, as pointed out by Ladany , the quality 
factor is less than uriity. This value of quality factor is generally 
unacceptable and thus the "inductive diode" is not practical 'tvhen used 
by itself ~s an inductive element. It has been suggested that the qual-
ity factor of an inductive diode would be improved if a tunnel diode 
biased in its negative resistance region were placed in series with it5 . 
Improving the quality factor in this manner introduces an instability 
A-C SHORT 
I 
Figure 2. Ca~cade Circuit to Maximize the Quality 
Factor for Inductive Transistors 
caused by the tunnel diode biased in its negative resistance region. 
The instability introduced by the tunnel diode is as undesirable in 
most situations as the low quality factor of the diode. 
Fischer and Jindel8 report that unlimited values for the quality 
4 
factor are possible for cascade connectio:u.s of transistors as sho"i.·m in 
Figure 2. They also note that the quality factor for a transistor can 
be improved if the external impedance in the base circuitry confains an 
inductive. element such as an "inductive diode". 
It appears that this application for the inductive properties of 
the diode would be the most practical and beneficial. 
5 
III. DERIVATION OF MATHE}~TICAL MODEL 
A. Qualitative Description of "Inductive Diode" 
The occurrence of an inductive phenomenon in a junction diode can 
be explained rather simply by noting the effect that carriers injected 
from a heavily doped region have on the conductivity of a lightly doped 
region into which they are injected. Tne lightly doped reg~on is 
normally referred to as the base region, and the effect upon the con-
ductivity mentioned previously is referred to as conductivity modula-
ti 7,8,11,12 on • 
The conductivity of a semiconductor material is given by the 
following relation: 
a= q( n.un + PJLp) (3-1) 
As can be seen from this relation, the conductivity is directly proper-
tiona! to the hole and electron densities. As minority carriers are in-
jected into the base region, the minority carrier density increases; 
thus the conductivity also increases with the injection level. The 
diffusion process requires some finite time to elapse before the in-
jected carriers can diffuse and affect the material's ~onductivity. 
The onset of conductivity modulation is defined as the level of 
injection at 1Zvhich the magnitude of the minority carrier density injec-
ted into the base region equals the majority carrier density in ~he base 
region. 
6 
The junction voltage at this level of injection is 
(3-2) 
Figures 3 and 4 illustrate the junction voltage necessary to cause con-
ductivity modulation for various doping levels in the base region. 
Equation 0-2)is derived for a donor type base region, but it is also 
valid for an acceptor type base region. The definition of conductivity 
modulation is arbitrary and is defined as stated only to provide a ref-
erence for the level of injection necessa~y to provide a notable modu-
lation of conductivity. 
The reason conductivity modulation causes the diode to appear 
inductive should now be apparent. If the diode is initially in a state 
of equilibrium with the junction unbiased and the diode is then pulse~ 
with a step voltage, the current is initially limited by the unmodulated 
conductivity. After the injected carriers have diffused throughout the 
base, the conductivity of the base region will be increased. As a re-
sult of this increase in conductivity, the current through the device 
will tend to increase. This rise in current to some maximum value over 
a period of time instead of instantaneously is an inductive effect. 
This is, naturally, an over-simplification of the actual occur-
rence as most qualitative descriptions are; but it is a plausible expla-
nation of the inductive effect noticed in diodes. The above explana-
tion also serves the purpose of indicating that for an inductive effect 
to occur the base region of the diode should be doped lightly to allo~v 
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8 
1.0 
B. Description of the Diode 
The description of the diode which this model characterizes is 
purposely made as general as possible, since the greater the class of 
diodes described by the n1odel the more useful the model can be. 
The first assumption to be made is that the base region of the 
diode is intrinsic. It would seem that this assumption alone would 
cause the model to be completely impractical, but it is demonstrated 
that this is not the case. This assumption is necessary to obtain a 
9 
closed form solution for the continuity equation of charge flow in the 
base region. If instead of being intrinsic the base region is compen-
sated, the solution presented later will still be valid. The emitter 
region of the diode is assumed to be heavily doped; and in being so, a 
negligible voltage drop occurs in this region. All of the current on 
the base side of the junction is assumed to be due to diffusion of in-
jected carriers. 
Space-charge neutrality is assumed throughout the diode. This 
assumption implies that in any infinitesimal region the number of holes 
and electrons are equal. Thus the gradients of the holes and electrons 
in the material are approximately equal. An example demonstrating the 
validity of this assumption of space-charge neutrality is given by 
Linvill12• 
The metallic contacts used for external electrical contacts to a 
semiconductor are desirably of an ohmic nature. An ohmic contact to 
germanium can be and is generally made 'vith either lead or tin7 • These 
contacts are assumed to be perfect sources and sinks for electrons. The 
recombination time is inversely proportional to the number of carriers 
10 
present at the interface and the contact, and therefore the lifetime of 
the minority carriers· approaches zero. This is equivalent to saying 
that at the semiconductor and contact interface an infinite recornbina-
. 6 7 15 tion velocity reg~on ' ' exists. Thus, at this point only the equi-
librium value of charge density exists. 
Figure 5 is a general physical representation of the diode just 
described and will be used frequently in the following derivation. 
C. Outline of the Derivation of the Driving Point Impedance 
First, the continuity equation will be solved to find the hole or 
electron density as a function of both displacement from the junction 
and time. This expression will be in terms of physical parameters of 
the material, the geometry of the device, and the voltage applied to 
the junction of the diode. 
The total current through a germanium diode at any injection 
level, ignoring surface leakage, may be expressed as the hole diffusion 
current at the junction for a nonsymmetrically doped diode ~.;hose base 
region is n type. However, for silicon diodes reverse biased or 
slightly fonvard biased, another form of current must be considered. 
This component of -current is the depletion-layer charge generation cur-
rent. This current component may be explained by considering the 
13 14 Shockley-Read-Hall recombination theory ' • At equilibrium the rates 
of recombination and generation of charge in the semiconductor are 
equal. If the density of holes and electrons exceeds the equilibrium 
value, then the recombination rate exceeds the generation rate; and the. 
converse is true for densities below the equilibrium density. Thus in 






Figure 5. Assumed Diode Geometry 
11 
12 
rate causing charge to be generated in the depletion region. The gen-
erated charge is swept out of the depletion region by the existing 
electric field giving rise to the space-charge generation current. The 
following relation is given by Phillips15 for the magnitude of this 
current. 
(3-3) 
For germanium the component IG is negligible compared to the re-
verse saturation current, while for silicon the reverse saturation 
current is negligible compared to the component IG15 • 
The term K in equation (3-3} is a constant which when multiplied by 
xm' the depletion region width, yields the portion of the depletion re-
gion which generates carriers16 For reverse biases exceeding one volt, 
K reaches a maximum value of one. As the voltage applied to the diode 
increases, the depletion region width, x , decreases. Therefore, at 
m 
forward biases necessary for conductivity modulation, the space-charge 
generation current is negligible compared to the diffusion current 
which increases exponentially with the applied junction voltage. 
In the base region, knowing the total current through the device 
and the carrier distribution, the drift current may be found by sub-
tracting the diffusion current from the total current. With the 
relation 
(3-4) 
the electric field intensity can be found as a function of the same 
parameters as the carrier densities, and the voltage across the bulk 
region is obtained by integrating the electric field in the bulk re-
gion with respect to displacement variable x. 
13 
Adding the time varying portion of this voltage, the time vary-
ing portion of the junction voltage, and dividing the sum of these 
quantities by the time varying portion of the total current; the small-
signal impedance of the diode may be obtained. 
The above outline of the derivation may seem somewhat confusing; 
but in conjunction with the following derivation, both will seem clear-
er than either by itself. 
D. Derivation of the Carrier Concentration in the Intrinsic or 
Compensated Base Region of a Junction Diode 
Equation(3-5} is the partial differential equation whi~h describes 
the time variation of the carrier densities in a semiconductor and is 
referred to as the continuity equation. 
-V'p;) (3-5) 
In deriving the previous equation) the effect of thermal genera-
tion and recombination of carriers is represented by the fo llow·ing 
relations: 
14 
on/ot =- ( n- ni)/r0 (3-6) 
(3-7) 
These equations were developed empirically by experimental observations 
of thermal generation and recombination as mentioned by Linvi1112 and 
15 Phillips • 
For a small volume containing no sources or sinks of charge, the 
variation of charge density with respect to time due to a current den-
sity is 
(3-8) 
From this relationship the variation of hole and electron densities 1ue 
to their respective current densities are 
V·J= qan/at (3-9) 
and 
V· J =-q op/ot (3-10) 
The hole and electron current densities are 




It is assumed that gradients of hole and electron densities exist 
only in one dimension, and let x be the displacement variable in a 
direction perpendicular to the cross-sectional area of the junction. 
Equation (3-5} may be obtained by replacing J and J in equations (3-9] 
n p 
and (3-10} with equations (3-11) and {3-12) respectively and then sununing all 
of the hole and electron variations with respect to time. 
Applying the restrictions and assumptions made in Section C of 




In conjunction with equation (3-13), it is necessary to obtain a set 
of boundary conditions. One boundary condition results from the dis-
cussion of the ohmic contact in Section C of this chapter. 
16 
p(d ,t) =Pi (3-14) 
The constant d is the value of x at the junction of the ohmic contact 
and the base region. 
The second boundary condition results from the laws of the june-
tion. That is 
p(O,t)= Pnexp(QVj/kT) (3-15) 
Vj - voltage drop across the junction 
Making use of this boundary condition implies that no recomhina-
tion occurs in the transition region. This is a valid assumption, 
since at injection levels necessary for conductivity modulation the 
transition region's width is reduced appreciably thus reducing the num-
ber of recombinations in that region. The transition region is de-
pleted of free carriers which also reduces the possibility of recombina-
tion. · The voltage across the junction is dependent on the voltage 
applied to the diode 't·7hich will consist of a de bias voltage and a 
sinusoidal voltage, 
Vj = Vo + v w eX p { j w t) (3-16) 
p{O,t) =pnexp(q (V0 + Vwexp(jwt))/kt] 
p ( 0, t) = p n [ ex p ( q V o I k T)] ( I + ( q V w I k T ) e x p ( j w t ) ) (3-17) 
if I>> qVw/k T 
17 
It is apparent that the boundary condition at x = 0 is a function 
that equals the sum of a time independent and a time dependent func-
tion, and the t~e dependency of the boundary condition is sinusoidal. 
From the form of this boundary condition, it seems plausible to ass~~e 
that p(x,t) the solution to equation 0-13) is of the same form as the 
boundary condition7 • 
p(x,t) = f(x) + g(x,t) = f(x) + u(x) exp(jwt) (3-18) 
Replacing p (:x, t) in equation (3-13) with equation (3-18), the follo'\·i-
ing results: 
-
[u(X) ( 1/T + jw)- 0'o 2 u(x)/ox2]exp(jwt): 0'o2 f(x)/ox 2 
- {f(x)- nal/r (3-19) 
In the preceding equation, the left side consists of a function of 
x times a function of time, while the right side of the equation is a 
function of x only. Since the function of time can never equal zero, 
both functions of x must equal zero for the equality to be true. The 
following differential equations result from the separation of equation 
(3-19). 
[u(x)(I/T +jw)- 0'o~(x)/ox 2 ]exp(jwt)=0 (3-20) 
(3-21) 
18 
From the boundary value equations (3-14} and(3-18)and the assumption 
that p(x,t) is composed of a time independent and time dependent func-
tion, the following boundary conditions at x = 0 and x = d exist for 
f(x) and u (x). 
f( 0) =Pi exp (qVo/kT) 
u ( 0) = Pi q Vw/k T [ exp(qV0 /kT)] (3-22) 
f(d)=pi 
u(d) = 0 
With boundary conditions as given in equation ~-221 the solutions 
of equations (3- 20) and (3- 21) are found to be 
f ( x) = Pi [ e x p ( q V 0 /k T >] [ s i n h ( ( d - x) I .JDI; >] 
/sinh(d/.J[)ir) + Pi (3- 23) 
and 
u (x) =Pi ( qVw/K T) sinh [ (d- x )/.J(I + jwT)/D'r] 
/sinh[d/./(l+jwT)/O'r] (3-24) 
19 
E. Development of the Mathematical Expression for the Small-Signal 
Driving Point Impedance 
Assuming the diode has a lightly doped n-type base region, the 
current in the base region at the edge of the depletion region is 
equal to the hole current; and the electron current is equal to zero. 
(3-25) 
Using ~-25) to obtain an expression for the electric field intensity at 
x = O, the total current density through the diode may be found. 
JT =- 2 q Dp c3p(O,t)/ ox (3-26) 
Allowing the sinusoidal portion of the applied voltage to be zero, 
the de characteristics of the diode may be calculated using equation 
(3- 26). 
It is now possible to find the drift component of the total cur-
rent density in the bulk region of the diode without possessing an 
expression for the electric field intensity as a function of displace-
ment and time. The electric field intensity is found by subtracting 
the diffusion current density in the bulk region from the total cur-
rent density and using the relation Jd . f = cr ~ • 
rl.. t 
3 d if • JT - Jd.ff. . r t 1 us1on (3-27) 
The total diffusion current density is the sum of both the hole and 
electron diffusion current densities. 
Jdiff ~ q(Dn dn(x,t)/dx- Dp dp{x,t)/ox) 
20 
Jdiff =qDp(ap(x,t)/ax] (b-1) (3-28) 
In terms of the electric field intensity, the total drift current in 
the bulk region is 
or 
Jdritt=p(x,t)fLpq(b +l)~(x,t) (3-29) 
Combining equations (3- 27}, (3- 28), and (3- 29) an expression for the 
electric field intensity results. 
~(x,t) =-(2qDpap(O,t)/ax- qDp(b-l)dp(x,t)/ox] 
I q ( b +I) fL p p (X ,t) (3-30) 
It is necessary to separate equation D-3~ into time independent 
and time dependent parts so that the time varying portion of voltage 
across the bulk region may be evaluated. 
21 
In order to perform this separation} the reciprocal of the hole 
density must be separated into a time independent and time dependent 
function. 
1/ p ( x , t ) = {I I [ p n { ( s i n h ( [ d- x] I /fY; ) ) { a - I ) 
/sinh ( d/./(5'; >} + 1]} { 1/[ I+ [ { qVw/k T) 
lsinh[B(I-x/dl]exp{jwt))/sinh(B)]/ [ 1/a· 
+{(sinh [ ( d- x )/...;ry;-] ( l-1/a))/sinh(d/~)}]} (3-31) 
where 
.8 = ( d./1 + jwT )/.fi)'T (3-32) 
a= exp(qVo/kT) (3-33) 
This may be done by using the following approximation for the second 
multipie on the right side of equation (3-31}. 
a> n n 
1/ { I + Z ) = 2 (- I ) Z 
n=O lz 1 <I (3-34) 
For this approximation to be valid, it must be shown that: 
I<QVw/kTHsinh[ B(l~x/d)]exp( jwt))/sinh(B)]/[ 1/a + 
{<sinh( {1- x/d)d/~] ( 1- l/a))/sir.h (d/~ )}J <I (3-35) 
It has already been assumed that qV /kT is much less than one, 
w 
therefore it remains to be shown that the multiplier of this term is 
one or less. 
The ratio of hyperbolic terms in the denominator never exceeds 
22 
unity for any value of x; and when the frequency is zero, the numerator 
and denominator ratios are equal so that at zero frequency the multi-
plier of qV /kT is less than one. As the frequency increases from 
w 
zero, the denominator is unaffected; and it is shown in Appendix A that 
the magnitude of the numerator ratio of hyperbolic terms never exceeds 
one and actually decreases in magnitude from its zero frequency value. 
Therefore, the multiplier of qV /kT never exceeds one; thus second 
w 
order and higher ~rder terms may be neglected in the separation of time 
independent and time dependent terms. 
Using the time varying portion of electric field intensity) the 
voltage drop in the bulk region may be obtained. 
(3-36) 
Only the time dependent voltage is of interest since an expression 
for the small-signal impedance is being developed. 
(3-37) 
After performing the indicated operations and redefining some terms, 
the small-signal impedance is found to be 
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Zw = d/2 qADpPi Baa_ coth(B) + ( dsinh(F)/2ADppiBcosh(B)] 
[ fc: { [ 2 cosh (B)+ ( b -I} cosh(B U-u))]/[ a sinh ( F( 1- ull + sinh(Fl]} 
du]- [ d2 a s inh(FJ/2 ../O'T A ( b +I) qDpPi Bcosh (8 )a] 
I . { j 0 ( 2 c o s h ( Fl s i n h ( B ( I - u)) / (a s i n h ( F ( 1- u l l + s i n h ( Fl) 2 J d u 
where 
+ J.' [< b-l)sinh(BO-u>]cosh(F(I-u)) 
.0 
F=d/~ 
u = x/d 
a~ a- 1::::: a+ I 
a=q/kT 
(3-38) 
Equation (3-38)) a complex quantity) may be expresses in a somewhat 
clearer form by redefining still more terms and expressing the impedance 
in rectangular form. 
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FJ= d/2qADpPiOa (3-39) 





F I = fo' ( 2/ { a s i n h ( F ( 1- ul] + s i n h ( Fl}] d u (3-45) 
F I I = J 1 {cosh [ r (I - u l] cos [ y 0- u >]I [ as l n h [ F ( I - u )] 0 . 
+ s i n h ( FJ] } d u (3-46) 
F 12 = J: { sinh(d 1- ul] sin(y(l-ull/ [a sinh [F ( 1- u 1] 
+sin (Fl]} d u (3-47) 
FI3 = t { cosh[r( 1- u 1] sin[ y( 1- ul] { 2co sh (F) + ( b -ll 
(3-48) 
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FI4 =J~ { sinh[dl- u>] cos[ yO-u}]{ 2 cos h(F} + ( b- I} 
(3-49) 
Zw= FJ(rcosh(r)sinh(r) + ycos(y)sin(y))l{[ cosh2 (r)- sin 2 (y~ 
[ r 2 + y 2]> + FI{FI) + Fl{b-n[FIIcosh(r)cos(y) + 
F I 2 s in h (r) s i n ( y ~I ( co s h 2 ( r) - s in 2 ( y)) - F 2 [ 
{<rsinh(r)sin(y) + ycosh(r)cos(y))FI3 + (rcosh(r) 
cos{y)- ysinh(r) sin(y)) FI4}/ <[ cosh 2 (r)- sin2 (y)] 
[ r 2 + y 2 ]>] + i{ (FI(b-l}{cosh(r)cos(y)FI2-
sinh(r) sin(y)FI n1[ cosh2 (r)- sin 2 (yl]] + ( F2 
(<rsinh(r)sin(y) + ycosh(r)cos(y))F14- (rcosh(r)cos{y) 
- y sin h ( r) s i n ( y )) F 1 3] I [ ( c o s h 2 { r) - s in 2 (y ))( r 2 + y 2 )] ] 
-[FJ(ycosh(r)sinh(r)- rcos{y)sin(y))/ (<cosh 2 {r)-
(3-SO) 
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IV. COMPARISON OF CALCULATED DATA 
WITH EXPERIMENTAL DATA 
A. Calculation of the Theoretical Data 
Three computer programs were written to evaluate the driving point 
impedance expression, equation (3-50~ All of the programs were written 
in Fortran IV and appear in Appendices B, C, and D. The purpose of 
each program will be discussed in the following paragraphs in the order 
of usage. 
To determine the values of the integrals listed in equations (3-45) 
through ~-491 it is necessary to evaluate the real and imaginary com-
ponents of the complex term B given in equation{3-32~ The term F given 
by equation~-3~ and the term a, the exponential of qV0 /kT, are eval-
uated in the same program with B. The logic used to evaluate these 
parameters is self-explanatory and may be examined in Appendix B. 
The values of the integrals previously mentioned 'tvere evaluated 
numerically using Simpson's rule17 • It is necessary to evaluate the 
four integrals in equations (3-45) through {3-49) at each frequency for 
which the impedance is desired. 
The final program, which is presented in Appendix D, uses the out-
put of the first two programs to evaluate the impedance at each desired 
frequency. The output of the third program is the driving point ~-
pedance of the diode in polar or rectangular form. 
B. Comparison of Theoretical and Published Data 
2 Schneider and Strutt , in 1960, demonstrated the validity of Kohn 
and Nonnenmacher 1 s 2 ' 3 functional model for the driving point impedance 
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of junction diodes. 2 In their publication, Schneider and Strutt pre-
sented the impedance versus frequency characteristics of a germanium 
diode along with the parameters of the diode necessary to evaluate 
equation ~-50~ The diode parameters and the impedance versus frequency 
data given by Schneider and Strutt2 are listed in Tables I and II re-
spectively. 
Using the diode parameters listed in Table I, the calculations 
were performed as outlined in the first section of this chapter. The 
results of the calculations are presented in Table III. 
As mentioned previously, Melchior and Strutt10 published work re-
lating to a model for the driving point impedance of a diode at high 
injection levels. To compare their results to experimental data, 
10 Melchior and Strutt also used the data published by Schneider and 
2 Strutt • In order to demonstrate that the model developed in this 
paper is an improvement over an existing model, the theoretical results 
obtained by Melchior and Strutt10 are given in Table IV. The theoret-
ical results published by Melchior and Strutt10 are for a smaller 
frequency range than the calculations made for the model presented in 
this paper. 
A more obvious comaprison of the experimental results and the re-
10 . 
sults from both Melchior and Strutt's model and the model developed 
here is presented in Figures 6 through 9. The model being presented 
appears to offer more accurate results over a wider band of frequencies; 
therefore it will be referred to as the wide band model during the rest 
of this paper. 
TABLE I 
Physical Constants of the Germanium Diode 
2 Given by Schneider and Strutt 
d = 2.5 X 10-4m 
A = 1.4 X 10-7m2 
5.5 -3 2 D = X 10 m /sec p 
n = 4 X 1020m-3 
n 
b = 2.05 
45 X -6 Tp = 10 sec 
L -4 = 5.0 x 10 m p 
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TABLE II 
2 Experimental Data Taken by Schneider and Strutt 
REAL AND IMAGINARY PART OF IMPEDANCE AS A FUNCTION 
OF FREQUENCY AND INJECTION LEVEL 
vo = .067 volts v = .084 volts 0 
Frequency Real Imaginary Real Imaginary 
Part Part Part Part 
(ohms) (ohms) (ohms) {ohms) 
20 kHz 11 .as· 6 .61 
40 kHz 11.5 1.08 6.5 .8 
60 kHz 12 .95 6.8 .75 
80 kHz 12.1 .78 7 .61 
100 kHz 12.6 .55 7.1 .5 
200 kHz 12.9 -.1 7.15 .1 
400 kHz 12 -.6 6.9 -.2 
600 kHz 11.6 -.71 6.6 -.3 
800 kHz 11.4 -.71 6.2 -;. 28 




Calculated Values of Impedance 
Obtained from Equation (3-50) 
REAL AND IMAGINARY PART OF I:t-IPEDANCE AS A FUNCTION 
OF FREQUENCY AND INJECTION LEVEL 
v = .067 volts v = .084 volts 0 0 
Frequency Real Imaginary Real Imaginary 
Part Part Part Part 
(ohms) (ohms) (ohms) (ohms) 
20 kHz 9.21 .514 4.84 .666 
40 kHz 9.64 .679 5.35 .908 
60 kHz 9. 96 .602 5.76 .864 
80 kHz 10.1 .449 6.02 • 721 
100 kHz 10.3 .290 6.17 .562 
200 kHz 10.3 -. 294 6.30 .015 
400 kHz 9.83 -.696 6.02 -. 353 
600 kHz 9.49 -.842 5.60 -. 383 
800 kHz 9. 30 -.650 5.68 - ~ 353 
1000 kHz 9.20 -.582 5.62 -. 312 
REAL AND 
TABLE IV 
Calculated Values of Impedance 
by Melchior and Strutt10 
IMAGINARY PART OF ~~EDANCE AS A 
OF FREQUENCY AND D'lJECTION LEVEL 
v == .084 volts 0 
Frequency Real Imaginary 
Part Part 
(ohms) (ohms) 
20 kHz 6 .6 
50 kHz 6.60 .8 
100 kHz 7 .6 
200 kHz 7.15 • 35 
500 kHz 7.4 .15 
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c. Evaluation of Diode Parameters 
Measurements and calculations were made on a silicon diode to 
demonstrate the applicability of the wide band model to silicon diodes 
since many diodes are presently made of silicon. 
It was necessary to evaluate such diode parameters as: base width, 
cross-sectional area of the junction, doping density in the base re-
gion, and the minority carrier lifetime. Knowing the doping density in 
the base region, it is possible to obtain the minority and majority 
carrier mobilities and diffusion constants from tables such as those 
15 in Phillips' text. Tne diode parameters for the 1N200 are listed in 
Table V, and the techniques used to obtain these . parameters are dis-
cussed in the follo-vring paragraphs. 
The diode base 't·Tidth was determined by measuring the width of the 
rectangular piece of silicon onto which the emitter region was alloyed. 
This measurement was made with a microscope and a graduated eyepiece. 
The doping density on the lighter doped side of an unsymmetrically 
doped p-n junction is directly related to the breakdown properties of 
that junction. This fact is discussed by Phillips15, and graphs re-
lating breakdo'tvn voltages to doping densities are given in his text. 
The circuit used to measure the reverse characteristic of the diode 
junction is illustrated in Figure 10, and the reverse characteristic 
of a 1N200 diode is shoTNU in Figure 11. 
The minority carrier lifetime was measured in a manner suggested 
by Linvi1112 According to Linvill12, the minority carrier lifetime 
can be found using the relation which follows. 
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TABLE V 
Physical Constants of the 1N200 
d • 205.74 X 10 -6 
A · 
- 2.38 X 10-7m2 
1.21 -3 2 D 
-
X 10 m /sec p 





1.7 X -6 Tp 
-
10 sec 
L -6 • 45 x 10 m p 
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Figure 11. Reverse Characteristics of a 1N200 
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(4-1) 
The quantity If in the above relation is the forward current being con-
ducted by the diode prior to switching, while I is the reverse satura-
s 
tion current of the diode. The quantity I , generally in the order of 
s 
nanoamperes for silicon~ is negligible compared to the forWard current 
previous to switching. Q is the area under the reverse recovery por-
tion of the diode. The theoretical reverse recovery characteristic of 
the diode is shown in Figure 12~ and the circuit used to measure this 
characteristic is shown in Figure 13. 
After measuring the forward characteristic shown in Figure 14 with 
the circuit illustrated in Figure 15, the junction area was calculated 
15 
using the diode diffusion equation • 
I= qADpPn (exp{ qV/kT))/Lp (4-2) 
This expression is valid for low injection levels~ and the assump-
tions used in the derivation of this equation are valid for the 1N200 
assuming the parameters for the 1N200 measured to this point are cor-
rect. Surface leakage effects are ignored using equation('+- 2}, thus an 
area larger than the true junction area would be obtained causing the 
calculated impedance to be smaller than the correct value. 
D. Calculation and Heasurement of Impedance for the 1N200 
The series of calculations necessary for evaluating the driving 
point impedance of the 1N200 was perfor~med, and the results are listed 
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TABLE VI 
Calculated Values of Impedance for 1N200 
MAGNITUDE AND ANGLE OF llfPED4.clliCE AS A FUNCTION 





Frequency 1-'Iagni tude Angle 
(ohms) (degrees) 
2 kHz .120 -.15 
4 kHz .120 -.3 
6 kHz .120 -.96 
8 kHz .120 -.6 
10 kHz .120 -.75 
20 kHz .119 -1..4 
40 kHz .117 -2.5 
60 kHz .117 -3.0 
80 kHz .113 -3.0 
100 kHz .111 -2.6 
200 kHz .110 -.04 
400 kHz .113 • 35 
600 kHz .113 0 
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the impedance is less than one ohm and that the diode remains capac-
itive up to 100 kHz. 
46. 
The fact that the magnitude of the impedance is smaller than ona 
ohm and that the phase angle is quite small complicates the measurement 
of the driving point impedance. The impedance measuring instruments 
available would not measure impedances less than one ohm, or they would 
not operate over the desired frequency range. 
Figure 16 illustrates the only means} readily available, by which 
the diode impedance could be measured. The de supply biases the diode 
at the onset of conductivity modulation while the resistance in series 
with the supply isolates the de supply from the ac signal. The sinusoi-
dal oscillator used for the ac supply has a capacitor in series with it 
to provide isolation from the de bias. The one-ohm} one-percent re-
sistor in series with the diode is a current sampling resistor. Dis-
playing the current through the diode and the voltage across the diode 
on an oscilloscope} the magnitude and phase angle of the impedance 
could be measured. 
The data obtained from this experiment are listed in Table VII. 
It was difficult to measure the phase angle of the diode with any de-
gree of accuracy because of its small value. The only information 
obtainable for the phase angle was that the current led the voltage 
over the calculated frequency rangeJ 2 kHz to 100 kHz. The frequency 
of the oscillator was increased above the calculated range of fre-
quencies to determine experimentally if the diode became inductive with 
an increase in frequency. The frequency at ,.;hich the diode became in-
ductive was approximately 600 kHz. After it was determined experimen-






R2· CURRENT SENSING RE ··S IS TOR 
HA RRfSON LAB. DC 
SUPPLY MODEL 881A 
TO TRACE I 









Measured Values for the Magnitude 
of the Impedance of the 1N200 
Magnitude of 
Frequency Impedance (ohn1s) 
2 kHz .500 
4 kHz .444 
6 kHz .444 
8 kHz .363 
10 kHz .400 
20 kHz .444 
40 kHz .500 
60 kHz .500 
80 kHz .571 
100 kHz .571 
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calculations were extended to include the frequency range of interest. 
The model indicates that the diode becomes inductive at 400 kHz. 
Comparing the data in Tables VI and VII, it is apparent that the 
results~ excluding the results from the phase angle, are quite un-
acceptable. 
Since the measurement of the magnitude of the impedance is rea-
sonably accurate and the calculations of impedance for the germanium 
diode were in agreement with the experimental data, it appears that the 
error is a result of inaccuracies of the diode parameters evaluated in 
the previous section. One other possibility of error exists because 
the base width of the diode appears to be greater than the diffusion 
length of minority carriers in the base region. Since the base width 
is much greater than the diffusion length, the current in a portion of 
the base region is composed of drift current thus causing a voltage drop 
in the bulk material comparable to the junction voltage in magnitude. 
The junction voltage used in the calculations is that voltage which is 
necessary for the onset of conductivity modulation or the junction 
voltage necessary for the onset of high injection. The applied voltage 
necessary for the onset of high i.njection or conductivity modulation 
can be found by plotting the natural logarithm of forward current ver-
sus applied voltage. At moderate injection levels the plot will be a 
straight line, and at high injection levels the plot will also be a 
straight line but with a different slope. On the portion of the plot 
where transition is occurring from moderate ·to high injection, the plot 
will not be a straight line; but by extending the two straight lines so 
that they intersect, the applied voltage at the onset of high injection 
may be obtained ~vith a reasonable degree of accuracy. 
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E. Reevaluation of Diode Parameters 
When the initial measurements of the diode parameters were madeJ 
only four diodes were available. Because of this fact and the belief 
that each of the devices would display similar characteristics} each 
measurement was made on one device only. To reevaluate the diode pa-
rametersJ it was necessary to order more devices} and enough diodes 
were .obtained so that the measurements could be perf~rmed on a group of 
five diodes. Device failure} lead breakage, and thermal stress elim-
inated two diodes before the tests were completed. 
The base width was determined initially by optical methods and is 
therefore believed to be an accurate measurement. There are three pa-
rameters left to scrutinize; these are the junction areaJ the minority 
carrier lifetime; and the doping density in the base region. 
The junction area or a range of values for the junction area was 
determined in three ways. 
First, the junction area was determined by measuring the junction 
capacitance for two reverse bias conditions and using the following 
relation for abrupt junctions as discussed by Phillips15 . 
(4-3) 
The symbol V is the voltage across the depletion region. The voltages 
used for each diode were 5 and 15 volts. The Hicro Instrument Company 
Capacitance Tester) Hodel 120105 was used to measure the junction capac-
itance. 
The reverse characteristic of the diode was used to obtain a range 
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Figure 17. Reverse Characteristics of Diodes 
junction area, and by this measurement the area was found to be 
1.7 x 10- 3 cm2• 
The values of junction area obtained by these experiments are 
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listed in Table VIII. The table indicates the values obtained by each 
method and identifies the method used. 
The dopirig density in the base region of each diode was measured 
in the manner previously discussed. The breakdown voltage was meas-
ured using the circuit illustrated in Figure 10, and the characteristics 
obtained are sho\vn in Figure 17. Table IX lists the breakdown voltages 
and the corresponding doping density of the devices measured. 
The final parameter reevaluated was the minority carrier lifetime 
in the base region. It is assumed in the following measurement that the 
minority carrier lifetime in the emitter region is quite small and will 
not affect the reverse recovery of the diode. This assumption is valid 
since the device has an alloyed emitter, and the majority carrier den-
sity in the emitter is extremely large. 
18 Lax and Neustadter , in 1954, solved the diode continuity equa-
tion for the minority carrier concentration in the base region of a 
diode while the diode is being switched from a forward to reverse bias 
by a step function of voltage. Using the results of this equation, it 
was possible to obtain an expressicn for the reverse recovery current as 
a function of time. The following expression obtained by Lax and 
Neustadter18 is a result of the previously mentioned developrr2nts. 
(4-7) 
The preceding equation was derived using the following assumptions: 
TABLE VIII 
2 Junction Area of the 1N200 (em ) 
DIODE 
Junction Capacitance 
for Reverse Bias 
5 volts 15 volts 
-3 -3 1 .92 X 10 1,5 X 10 
-3 -3 2 .39 X 10 ,44 X 10 
3 -3 -3 1.29 X 10 1,32 X 10 
Space-Charge Generation Current 
for Reverse Bias 
Range of Values Expected Values 
5 volts 15 volts 5 volts 15 volts 
-3 -3 
.32 X 10 , 26 X 10 
-3 to _3 to _3 1.06 X 10 ,865 X 10 3.2 X 10 2.6 X 10 
-3 -7 1,35 X 10 1.2 X 10 
-3 4 X 10• 3 to _3 to 4.5 X 10 13,5 X 10 12 X 10-7 
-3 -3 1.6 X 10 1,13 X 10 
-3 -3 to to _3 5,3 X 10 3.8 X 10 16 X 10- 3 11.3 X 10 






Breakdown Voltages and Corresponding Doping Densities 
for the 1N200 
Breakdown Doping 
Diode Voltage Density 
1 600 volts 4.0 1014 -3 X em 
2 275 volts 1.1 X 1015 
3 550 volts 4.5 X 1014 
1. The slabs of p-type and n-type material are semi-
infinite. 
2. The p-type material is much more heavily doped than the 
n-type material. 
3. The base width is much longer than the diffusion 
length of minority carriers. 
4. Only direct recombinations occur. 
S. The device has a step junction. 
The preceding assumptions apply to the 1N200 except possibly assum-
tion 4, since it is possible that trapping occurs in this device. 
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This exp~ession relates the reverse recovery characteristics of a 
p-n junction to the minority carrier lifetime. The term tf is the time 
necessary for the junction to become reverse biased. If is the current 
conducted by the diode prior to the application of a reverse bias) and 
IR is the maximum reverse current. The terms If, IR' and tf are illus-
trated in Figure 12 on page 41; the circuit used to measure these 
quantities is sho1;m in Figure 13 on page 42. 
Using the expon~ntially decaying portion of the reverse recovery 
time, knowing that this portion of the reverse recovery characteristics 
may be expressed as 
(4-8) 
the minority carrier lifetime can be found by evaluating the reciprocal 
of the slope of ln(I) versus time. Data necessary for the determination 
of minority carrier lifetime in this manner was acquired using the 
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circuit in Figure 13 on page 42. 
Plots of ln(I) versus time for diodes 1 and 2 are given in 
Figure 18. It is apparent after examining Figure 18 that the data 
does not lie on a straight line. The curvature present in these plots 
results because of the existence of more than one lifetime. If more 
than one type of impurity is present in a semiconductor material, each 
type of impurity will exhibit a particular lifetime as indicated by 
13 14 the Shockley, Read, Hall ) recombination theory. If only two life-
times exist in a semiconductor, the larger lifetime will have negligible 
effect compared to smaller lifetime assuming an order of magnitude or 
greater difference. This statement can be demonstrated by co~sidering 
the carrier density variation with time caused by recombination. 
+ ( p- Pi ) /.IT ~ ( p - pi ) /. IT (4-9) 
Following this line of reasoning, the effective lifetime would 
equal the reciprocal of the sum of the reciprocals of the individual 
lifetimes. For diodes 1 and 2, it is possible to approximate the ef-
fective lifetime since the graphs in Figure 18 indicate that possibly 
only two lifetimes are present. The individual lifetimes are found by 
drawing a straight line through the last fevl points plotted for larger 
values of time. The reciprocal of the slope of the straight line indi-
cates one lifetime. The second lifetiree is found by subtracting the 
points on the straight line representing the lifetime already evaluated 
from the original curve: thus another straight line occurs which indi-
cates the second lifetime. This technique is performed graphically in 
Figures 19 and 20 for diodes 1 and 2 respectively. This method is 
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and taking the natural logarithm of this function, two linear functions 
of t~e are obtained. The sum of these linear functions results in the 
curve obtained from the data. 
The plot of ln(I) versus time for diode 3, shown in Figure 21, 
indicates that only one lifetime exists or that one is predominate. 
The value ofT for diode 3 is the reciprocal of the slope of ln(I) p 
versus time. 
The minority carrier lifetimes evaluated by the two methods v7hich 
have been discussed are listed in Table X, and the table indicates the 
methods used to obtain each value. 
F. Examination of All Diode Parameters 
The errors between the reevaluated parameters and the parameters 
used to calculate the driving point impedance of the 1N200 are listed 
in Table XI. The expected values of junction area dete~ined by 
equation(4-6) are used in calculating the errors between the area used 
for the calculation and the range of areas deterntined from the reverse 
characteristics. The errors are mini~~ errors since the values used 
to calculate the impedance are all greater than the reevaluated values. 
If the values used in the impedance calculations were not used as ref-
erence values for the percent error calculations, much greater percent-
age errors would result. The magnitude of the errors in this table 
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Measured Values of the 
Minority Carrier Lifetime 
Lax and 
Diode Neustadter's Method ln(I) vs. Time Plot 
1 .26 p..sec .16 p.sec 
2 .255 p..sec .07 p..sec 
3 .25 p..sec .08 p..sec 
TABLE XI 
Percent Error of Reevaluated Terms 
JUNCTION AREA 
Junction Space-Charge 
Capacitance Generation Current Tp 
for Reverse Bias for Reverse Bias 
Lax and 
DIODE 5 volts 15 volts 5 volts 15 volts Neustadter 
1 61% 37% 55% 64% 85% 
2 84% 81% 89% 69% 85% 
















degree of accuracy. 
The purpose of reevaluating the questionable parameters was to 
determine whether or not the values used to calculate the driving point 
impedance were valid or invalid. If these values were valid, then the 
values of minority carrier lifetime and junction area obtained for one 
diode in various manners should agree with reasonable accuracy. It is 
apparent from Tables VIII and X that this is not the case. The error 
in determining T for diodes 1 through 3 ranges from 62 percent to p 
200 percent, and the error for the cross-sectional area is as much as 
340 percent comparing the area of diode 2 measured by the capacitance 
method and the minimum possible area according to the space-charge gen-
eration current measurement. The values of the diode parameters used 
for the calculations of the diode impedance were taken from different 
diodes, and thus the variation of parameters from diode to diode must 
also be considered. Considering the variation between diodes, not only 
do the values of r and the junction area vary from diode to diode, but p 
there is a 140 percent variation in doping densities. 
From results of experiments to determine the constants of the 
1N200 necessary for calculating the driving point impedance of this de-
vice, it should be apparent that the values used in the calculations 
were not valid. It is also apparent that the errors ~vhich possibly 
exist in these constants could cause the error between the calculated 
and measured values of impedance. 
It is possible to obtain the minority carrier lifetime by measur-
ing the minority carrier diffusion length. Minority carrier diffusion 
length can be measured, if the necessary apparatus is available, by 
detecting the photon emission intensity resulting from recombination of 
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hole and electron pairs. The intensity of photon emission is a decay-
ing exponential, from the point of injection, with respect to the dis-
placement variable x. The coefficient of x, in the exponential, is 
the reciprocal of the diffusion constant. Thus, measuring the emission 
intensity with respect to the displacement variable, the diffusion 
length may be obtained. 
Although this method of measurement would yield accurate results, 
it would be physically difficult to perform. The diffusion length of 
the minority carrier in the base region of the 1N200 appears to be 
45 x 10-6 meters or less. Apparently it would be difficult to measure 
the photon emission intensity at points separated by only a few microns, 
and a sensing device with a high degree of resolution would be required 
to m~ke these measurements. 
Another point of interest is that when the angle of the impedanc~ 
is determined, the ratio of the imagina~~ and the real part of the 
impedance, equation(3-50b is used to evaluate the tangent of the angle. 
When this ratio is evaluated, the minority carri~r doping density and 
the junction area cancel. This cancellation eliminates the error in-
duced by the cross-sectional area and some of the error introduced by 
the doping density although the error caused by the minority carrier 
lifetime remains. This fact tends to indicate that the angle of the 
impedance should be more accurate than the magnitude of the impedance. 
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V. CONCLUSION 
The work presented in this thesis has resulted in a mathematical 
expression for the small-signal driving point impedance of a diode with 
an intrinsic or compensated base region and a heavily doped emitter re-
tion. If this model were useful in describing the driving point im-
pedance of a diode with an intrinsic base only, it would be of little 
value. It has been established, by comparison with available experi-
mental data, that this is not the case for germanium diodes. The model 
does yield the driving point impedance of a germanium diode with ac-
ceptable accuracy over a wider frequency range than a model developed 
10 previously 
An attempt was made to apply the model to a 1N200 silicon diode. 
'the results obtained using the model were unsatisfactory, and it tv-as 
concluded that the inaccuracy was a result of the inability to measure 
the necessary diode parameters with the equipment available. 
The data available appears to indicate that the model is more 
accurate at high injection levels than at low injection levels and that 
the accuracy of the model improves at higher frequencies. The improve-
ment in accuracy with increased injection levels may be attributed to 
the fact that the model was derived for a bulk region in which the 
hole and electron densities were equal, and this is not the case for 
the experimental device. As the injection level increases, the hole 
and e1 ectron densities increase ~vhile the difference in the t't.ro den-
sities remains constant; thus the percent error made in assuming the 
equality is reduced with an increase in the injection level. Consider-
ing this statement and the fact that the difference in the majority and 
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minority carrier densities in silicon is generally greater than in ger-
manium, it would appear that for the same level of injection the 
assumption that the minority and majority carrier densities were equal 
would result in a larger error for silicon than germanium. The ac-
curacy of the calculation will also vary with injection level as a re-
sult of the minority carrier lifetime measurement. Since the lifetime 
varies with injection level it would be necessary, in a strict sense, 
to measure the lifetime at each injection level for which the calcula-
tions are made. The error introduced by . the error in minority carrier 
lifetime is not as great as the error in minority carrier lifetime, 
since the lifetime expression enters the impedance expression as a 
square root. This may be seen by examining the equations on pages 21 
and 23. The improvement in accuracy \vith frequency may be partly 
attributed to the term B defined on page 21. As the frequency in-
creases, B loses its dependency on the minority carrier lifetime thus 
improving the accuracy of the impedance expression. Another improve-
ment in accuracy with frequency is attributed to the fact that as the 
frequency increases, the approximation used for the reciprocal of the 
hole density is improved. 
At the present it appears that various possibilities exist for 
extending this \vork. First, if it were possible to obtain a silicon 
diode for which the necessary parameters \vere accurately known, the 
applicability of this model to silicon devices could be determined. 
It would also be possible, by using the expression for the driv-
ing point impedance, to determine how the inductive effect of the diode 
could be maximized; or it could be determined whether or not the 
quality factor of the diode can exceed one. 
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APPENDIX A 
PROOF THAT EQUATION 3-34 IS APPLICABLE 
The purpose of this appendix is to show that the magnitude of 
f(x.w)= sinh[BU-x/dl]/sinh(B) 
does not exceed one for the range 0 S x S d. 
+jAsinS 
f(x.w)= sinh((Acose + jAsin8)( 1- x/d)]/sinh(Acos8 
+ jAsinS] 
sinh(x + jy) = sinh(x)cos{y) + j cosh(x) sin(y) 
Using the above relations and trigometric and hyperbolic relations, the 
magnitude of f(x,w) is 
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The magnitude of f(O,w) is one and the magnitude of f(d,w) is 
zero. For a function on a closed interval to exceed the maximum 
value or be less than the minimum value at the bounds of the interval, 
its first derivation with respect to the variable of that interval must 
equal zero in that interval. This means that a(f(x,w)l/ox must equal 
zero in the interval O~x~d for the value of lf(x,w)J to exceed one 
or be less than zero. 
R = A cos [ 8 ( I - xI d >] 
Y=A sin( 8 ( 1- x/d)] 
aft(x,wlf/ox ={-2A(cos{8)/d)sinh(R)- 2A(sin(8)/d)sin(Y)} 
![{sinh2 (Acos(e)) + sin 2 {Asin(8>l}{sinh 2 (R) 
For a term such as the preceding to equal zero, either the 
numerator must equal zero or the denominator must equal infinity. An 
examination of the denominator reveals that for a finite frequency 
this tenn cannot equal infinity on the interval 0 ~ x ~d. Therefore, if 
0-;t cos(e) sinh[Acos[e ( 1-:t./d)]] + sin(B)sin(A 
sin [e ( 1 - x/ d ~ 
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it has been sho~m that (f(x,w)J < 1 for 05 x S 1. It is apparent that 
the preceding function cannot equal zero, therefore the proof is com-
plete. 
A further examination of Jf(x,w)J shows that as the frequency 
increases the value of lf(x,w~ decreases on the interval 0 S x~ d. 
This is true since the arguments of the hyperbolic and trigometric 
function are proportional to frequency and at large values of fre-
quency 
Jt<x,w)} ~ (sinh (A cos (8 {I- x; d))]] I [sinh (A cos(e))] 
The derivative of the sinh is the cosh ~ .... hich also increases in nagni-
tude with its argument. Since the argument of the numerator and 
denominator differ only by the multiple (1 - ~) the reduction in size 
of the argument at higher frequencies causes the ratio of the hyper-
bolic terms to be reduced with an increase in frequency. 
72 
APPENDIX B 
PROGRAM FOR THE EVALUATION OF CONSTANTS 
Definitions of the terms used in the program are listed below. 
TAUP minority carrier lifetime 
DP minority carrier diffusion constant 
BM - ratio of electron mobility to hole mobility 
D - D' defined in equation (3-13) 
FLP - diffusion length 
DB - base width 
Q - charge of an electron 
BK - Boltzman's constant 
TP - absolute temperature 
AL - q/KT. 
PN minority carrier density 
VO - junction voltage 
AV - exp (qV0 /KT) 
FMUL - ratio of base width to diffusion length 
W - angular frequency 
Z -magnitude of equation(3-32) 
THETA - angle of complex quantity defined by equation (3-32) 
X - real part of equation (3-32) 
Y -imaginary part of equationl3-32) 
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Directions for Using Program 
The physical constants used in this program for the germanium and 
silicon diodes are listed in Table I~ page 28, and Table V, page 37~ 
respectively. 
The term VO is the junction voltage~ as defined previously, and 
is the de voltage used to forward bias the diode. 
w0 is the lowest frequency at which the impedance is to be calcu-
lated. 6W is the interval of frequency at which the impedance is 
calculated. 
Program -





D = 2. Q'f:Dp-;': (BH/ (BM + 1. 0)) 
FLP = SQRT(DP*TAUP) 
WRITE (3,200) D,FLP 
DB= 
Q = 1.6E-19 
BK = 1.38E-23 
TP = 300.0 
AL = Q/ (BK'~'"TP) 
PN= 
vo = 
AV = EXP{AL'f:VO) 
WRITE (3~ 100) 
FM'tJL -= DB/SQRT (D•'--TAUP) 
DO 1 I = 1, 
C = I-1 
W = (Wo + C'~:6W)"''"'PI*2. 0 
Z • (DB/SQRT (D•'•TAUP) )* ( (1. 0 + (~.J'1•TAUP)'~•2)m':. 25) 
THETA = • 5'f•ATAN (\-l.,''"TAUP) 
X = Z*COS(THE~~) 
Y • Z*S IN (THETA) 
DEG = 57.3*THETA 
1 WRITE (3,200) X,Y,DEG 
WRITE (3,400) 
WRITE (3, 200) AV, AL, F11UL 
CALL EXIT 
500 FORMAT ('D PRIME') 
200 FOru1AT (4El8.8) 
100 FORMAT ('X+ Y FROM TO THETA') 





PROGRAM FOR INTEGRATION 
The Simpson's Rule program presented in this appendix can be used 
to evaluate the integral of any function which is bounded over the 
interval in which it is being integrated and is integrable. The func-
tion is equated to F(x); and if the interval over which the function is 
to be integrated is zero to one, the program will perform the integra-
tion. If the interval is different than zero to one, let the interval 
be a to b, then 
FF = f(a) 
FFl = f(b) 
X = a+ c*h 
Directions for Using Program 
Simpson's Rule evaluates the integral of the function F(x) or the 
interval from a to b by dividing the interval into an even number of 
subintervals of width h and solving the follot·Ting equation 
h Integral = 3 (F (a) + 4F (a + h) + 2F (a + 2h) + . . . + 4F (a + (N~ l)h) 
+ F(b)) 




FF = F(O) 
FFl = F(l.O) 
SUM2 = FF + FF1 
K=O 
FN = 1.0 
5 N = 2.0*FN 
H = 1.0/ (2.0-f(FN) 
DO 1 I = 1,~N,2 
c - 1 
X • C*H 
IZ s {C + 1.0)/2.0 
G(IZ) = 4. O*F (X) 
1 SUM2 = 5~12 + G(IZ) 
IF (K- 1) 4, 2, 2 
2 IF (ABS((H)3.0)*(SUM2- SUM1*2.0)) - .SE-3) 6,~6,4 
4 SUMl = SUM2 
DO 3 I = 1,N,~2 
C a: I 
IZ = (C + 1.0)/2.0 
3 SUH2 = SL'M2 - G(IZ)/2.0 
FN :: 2. Q"f(FN 
K a: 1 
GO TO 5 
6 SUMZ = SUMZ*H/3.0 
WRITE (3,100) SUH2 
CALL EXIT 





PROGRAM FOR THE EVALUATION OF THE DRIVING POINT IMPEDANCE 
MOst of the expressions used in this program were defined in 
Appendix B, and many of the terms used in this program are "dummy con-
stants" which are terms that can be factored from equation {3-50). By 
factoring out these "dummy constants" and evaluating them only once, 
the program runs much faster. The terms can be understood by exam-
ining equation (3-50). The terms not previously defined are defined 
below excluding the "dummy constants". 
FIO - value of integral (3-45) 
Fil - value of integ=-al (3-46) 
FI2 - value of integra1{3-47) 
FI3 - value of integral {3-48) 
FI4 - value of integral t3-49) 
AR - junction area 
Zl,Z2,Z3,Z4 - the sum of these terms gives the real part of the 
impedance 
FMA.Gl, FMAG2, 
FMAG3 the sum of these terms gives the imaginary part of 
the impedance 
Directions for Using Program 
Again the physical constants used in this program are listed in 
Table I, page 28, and Table V, page 37. 
The dimensioned statements should have a dimension number equaling 
the nun~er of points at which the impedance is evaluated. 
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The terms FMUL~ AL, D, and AV are all outputs of the program in 
Appendix B, and the values of the integrals are the output of the pro-
gram in Appendix C. 
w0 retains the same definition in this program as in Appendix B. 
The outputs x and y from Appendix B and the outputs of the integral 
program in Appendix C are used in this program as dimensioned variables 
to calculate the impedance at each frequency. 
Program -













READ (1,100) (X(I),I = 1, ), (Y(I),I = 1, ), (Fil(I), I= 1, ) 
READ (1,500) (FIZ(I), I = 1, )~ (FI3(I), I = 1, ), (FI4(I), I = 1, ) 
FJ = DB/ (2. O·kQ-.':AR-.'•DP"''.-pN-:':AL*AV) 
Fl = (DB,'-"*2)-:':A~ .. ( (EXP (FHUL) - EXP (FHUL) ), .... 5) I (2. o-.'•AL*Q-.'•.A.P .. *DP-.'•Pr..~·· 
(BM + 1.0)) 
F2 = (DB,'•*2)'f:AV'k ( (EXP (flillL) - EXP (-FMUL) )of:. 5)/ (2. Oi:AL*SQRT (D"'''"TAUP)-.': 
AR*(BM + l.O)*Q-.':Dp-.·:pN) 
Pl • 4.0*ATA.~(l.O) 
F = 1.0 
Z2 c: Fl*FIO 
DO 1 I = 1~ 
C = I 
W = 2. Q'f:PI*C'f•Wo 
A = (EXP(X(I)) + ~~P(-X(I)))*.S 
B • (EXP(X(I)) - EXP(-X(I)))*.5 
CS-= l.O/(A'Irl:2- (SIN(Y(I)))"''.-7:2) 
RY = 1. 0/ ( (R (I) )~'..-k2 + (Y (I) )"~:-:'•2) 
S • SIN (Y (I)) 
CO • COS (Y (I) ) 
Zl • FJ*CS*RY*(R(I)*A*B + Y(I)*CO*S 
Z3 • Fl'f•CS-I:(BH- l.O)*(A*CO""•Fil(I) + B*S*FI2(I)) 
Z4 = -F2*CS~'•RY~'.-((R(I)"~•B"~•S + Y(I)*A-I•CO)~'.-FI3(I) + {R(I)"kA-I:CO 
- Y(I)*B*S)*FI4(I)) 
REAL Z = Z 1 + Z 2 + Z 3 + Z4 
FMAGl = Fl*(EM- 1.0)*CS*(A*CO*FI2(I) - B*S*Fll(I)) 
FMAG2 = F2"~•cs~':Ry.,•: ((X (I)*B-;':S + Y {I)*A-l•CO)*FI4 (I) - {X (I)*A~'•CO 
- Y(I)*B*S)*FI3(I)) 
FMAG3 = -F ~·:cs-I:Ry·k (Y (I) .. '•A"~•B - X (I)·kco~··s) 
EMAG = FHAGl + FMAG2 + FMAG3 
FMAG = SQRT(REALz-i.-...':2 + EMAG-;'d:2) 
ANGLE = 57. 3-l:ATAN(ENAG/REALZ) 
FREQ = 0?':. 5) /PI 
WRITE {3,200) 
WRITE {3,100) FREQ 
WRITE (3,300) 
WRITE (3,100) REALZ,E~~G 
WRITE {3,400) 
1 WRITE {3,100) FHAG,ANGLE 
CALL EXIT 
200 FORMAT ('FREQUENCY') 
300 FOR.MAT ('REAL PART OF Z IHAGINARY PART OF Z') 
400 FORMAT { 1NA.GNITUDE OF Z ANGLE OF Z 1 ) 
100 FOR}t~T {4E18.8) 
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